A new method to investigate anomalous diffusion in human brain is proposed. The method was inspired by both the stretched-exponential model proposed by Hall and Barrick (HB) and DTI. HB quantities were able to discriminate different cerebral tissues on the basis of their complexity, expressed by the stretching exponent γ and by its anisotropy across different directions. Nevertheless, these indices were not defined as scalar invariants. In the present work, the signal was expressed as a simple stretchedexponential only along the principal axes of diffusion, while in a generic direction it was modeled as a combination of three different stretched-exponentials. In this way, indices to quantify both the tissue anomalous diffusion and its anisotropy, independently of the reference frame of the experiment, were derived. The method was tested and compared with DTI and HB approaches on 10 healthy subjects at 3T.
Introduction
Diffusion Weighted Magnetic Resonance Imaging (DWI) enables the diffusional motion of water molecules to be measured, providing a unique form of contrast among tissues. In fact, due to the interactions between water molecules and cellular structures, DWI provides information about the size, shape, orientation and geometry of biological tissues. In living tissues like the human brain, the diffusion coefficient is generally dependent upon the direction along which it is measured; that is, it is anisotropic.
Such anisotropy reflects, to some extent, the underlying fiber structure (1) . This observation prompted the development of Diffusion Tensor Imaging (DTI) (2, 3) . DTI is based on the diffusion tensor reconstruction, which is obtained by combining diffusion measurements in at least six non-collinear spatial directions. In order to characterize the orientation-dependent water mobility in each voxel and to correlate it with the tissue architecture, parametric maps are usually displayed. Indices such as the mean diffusivity (MD) and the degree of anisotropy (FA) of the media, obtained from the diffusion tensor, provide information about underlying microstructural characteristics of biological tissues.
The central nervous system includes at least three different compartments: the gray (GM), the white matter (WM), and the cerebrospinal fluid (CSF). In the CSF, water molecules are in a barrier-free environment, which is characterized by unrestricted diffusion and no preferential directions. Conversely, WM and GM are characterized by a structural complexity which hinders, at different degrees, the water mobility, thus reducing the MD values. Moreover, WM is the highest structured cerebral tissue since it contains bundles of nerve fibers, which act like obstacles and traps for the diffusing water molecules. The presence of axons also creates privileged diffusive patterns and an anisotropic diffusion, which results in an increase of FA. For all these reasons, DTI has been largely used to investigate subtle abnormalities occurring in a variety of neurological diseases and psychiatric disorders (4) (5) (6) (7) (8) .
In DTI acquisitions, the signal is typically recorded by diffusion-sensitized sequences as a function of chosen b-values, and it can be described as a monoexponential decay using the Stejskal-Tanner equation (9) . Nonetheless, in the last few years, several experiments have demonstrated that models based on a single exponential curve have poor data predictability. This evidence comes from a number of studies on both animal models (10) and humans (11) (12) (13) . Several approaches have been suggested to give a deeper insight into the diffusive phenomenon, in order to identify a better agreement between the data and the proposed fitting curves (14) (15) (16) (17) (18) ).
An innovative strategy was introduced by Bennett et al. (19) . The signal decay as a function of the bvalue, was modeled as a stretched exponential where the stretching exponent γ was linked to the heterogeneity of the media in which spins diffusion occurs. The method was applied to the healthy human brain (19, 20) showing the ability to discriminate between different tissues on the basis of their structural complexity. Moreover, this approach has also been used for the investigation of brain tumors in animal 4 models (21) as well as in humans (22, 23) , showing promising results in terms of image contrast.
In the framework of the stretched exponential model, it might be of interest to investigate anomalous diffusion in the presence of anisotropic environments, which are known to characterize the central nervous system. So far, no formal theoretical models have been proposed to take into account the anisotropy of the stretching exponent. Recently, a first important experimental approach was introduced (20) . These Authors developed a method to quantify not only the magnitude of the stretching exponent, but also its anisotropy. Their approach was based on the measurement of the so called anomalous exponent γ across several gradient directions, thus obtaining the mean anomalous exponent (AE) and its spread along different directions, i.e., the anomalous anisotropy (AA). According to Hall and Barrick, AA should be regarded as an equivalent of the FA. However, while FA quantifies the mean squared gap between three eigenvalues of the diffusion tensor and their mean value, AA estimates the difference between the stretching exponents as measured in n different directions and their correspondent mean values. The main difference between the outputs of the DTI analysis and the anomalous exponent indices is that, while the former are defined as scalar invariants of a tensor (i.e. the diffusion tensor) and are by definition independent of the reference frame in which they are measured, the latter instead depend on the directions along which the average is quantified.
We propose here an alternative method to account for the dependence of the stretching exponent from the spatial direction. Using an approach similar to that for deriving the anisotropic diffusion from tensor calculation, we assume the stretched exponential model to be valid along three principal directions (i.e. the main axes of diffusivity) only, rather than along n arbitrary directions. Indeed, in the three-dimensional space, the motion can always be expressed by a combination of three components, which depend on the geometry of the local system. If the measurement is performed along one of these main directions, the decay can be expressed as a simple stretched exponential. As a consequence, when the measurement is performed along a generic direction, it is reasonable to model the signal as the superimposition of the decay along each of the main directions, thus involving all the three main exponents.
By repeating the measurement along several directions and performing simultaneous fits, it is therefore possible to obtain three main exponents and their corresponding anisotropy factors. As a consequence, the results are independent of the laboratory reference frame. Using this strategy, we are able to quantify the mean values of the anomalous exponents and their anisotropy, which we will define as Mγ and γA respectively throughout the manuscript. These indices are thus similar to those defined in (20) , but the dependence on the laboratory frame has been removed. For these reasons, Mγ and γA are scalar invariant indices which can be used to assess anomalous diffusion in tissues.
Specific aims of the current work were: 1) to define a new procedure to obtain in vivo Mγ and γA; 2) to compare these measures with MD and FA and with AE and AA as defined by Hall and Barrick (20) . We 5 will show that γA is more closely correlated with FA than AA. Moreover, we will demonstrate that Mγ reflects aspects of the diffusive dynamics which are different from those caught by MD. For these reasons, our approach to anomalous diffusion may offer new chances to improve the brain tissue characterization.
Methods

Theory
The DTI theory (2, 3) assumes that the signal which is recorded by a diffusion-sensitized sequence may be expressed as a mono-exponential decay, according to the following equation (9):
where D is the apparent diffusion constant and b is the so called b-value, i.e. the scalar value of gradient weighting strength. In three-dimentional space, Eq. [1] holds along the three main axes of diffusion which coincide with the principal self-diffusivity directions, with in general a specific value of D for each of these three directions. Along a generic direction, correlations between molecular displacements in perpendicular planes affect the signal decay, which has to take into account the coupling of the nondiagonal terms in the diffusion tensor (24, 25) . Nevertheless, due to the special properties of the Gaussian distribution that characterizes the spins displacements, the signal does not lose its simple exponential form. In this framework, the scalar invariants MD and FA are derived from a specific rearrangement of diffusion tensor eigenvalues. The assumption underlying this approach is the linear relationship between mean-squared displacement of diffusing spins and diffusion time which is known to hold in homogeneous environments, according to the following equation:
However, in non locally homogeneous environments such as porous or fractal media, which are characterized by the presence of obstacles, inhomogeneities and traps on many length scales (for a review, see (26) ), the relationship between mean-squared displacements and diffusion time can no longer be expressed in a linear form as in Eq. [2] . In these cases, one or more stretching exponents appear, which quantify the deviation from the ideal conditions. In the one dimensional case (or equivalently in the isotropic d-dimensional one), the following equation is verified:
Where γ is an adimensional index for which 0<γ≤1. The effects of a non-linear dependence between mean-squared displacement and time modify the measured signal expression in a non-trivial way. Several Authors (20, 21, 23) have recently proposed the following stretched exponential form:
Hall and Barrick developed an approach which considers the anisotropy of γ. In their protocol, based on    [6] where N is the number of the directions, γ i is the anomalous exponent measured in the i-th direction and〈γ〉 is the mean exponent. However, as already mentioned in the introduction, AE and AA are not defined as scalar invariants. As a consequence, their value depends on the set of gradient directions chosen for the experiment.
We propose here a different approach to account for the γ anisotropy, which is similar to that used for FA estimation in DTI analysis. Our method aims at accounting for the tensorial nature of the anomalous diffusion, with a description which does not depend on the laboratory reference frame but which is intrinsic of the system. For this purpose, we draw an analogy with the ordinary diffusion dynamics, where the diffusion tensor is diagonal only along three main directions. In this case, Eq. [4] is valid along each of the three principal diffusive directions. When considering a generic direction, we hypothesize the total signal to be due to a combination of the behaviors along each of the three main axes, according to the following formula:
where A i is a generalization of the diffusion constant and the b-value is calculated along the chosen measurement direction in the reference frame of the principal axes (i.e. it contains the director cosines of the measurement direction with respect to the principal reference frame). See Fig. [1] for a visual example of the method.
It is not possible to know a priori the directions associated to the principal diffusion axes, which are thereby linked to the local geometrical structure and therefore supposed to be voxel-dependent. In principle, the complete solution for this problem requires the estimation of 12 parameters: 3 for the A i , 3
for the γ i and 6 to define the principal reference frame. We simplified this model by separating the 7 analysis into two steps: we first calculate the principal reference frame by using the DTI analysis and then we evaluate the remaining six parameters by measuring the signal in at least six non collinear directions.
This implies as an approximation that the principal reference frame is the same for both DTI and anomalous diffusion framework.
We will refer to the indices derived with our method as Mγ for the mean value of γ i and γA for its anisotropy calculated by following formula [6] .
Data Acquisition
Ten healthy volunteers (F/M=4/6, mean age and standard deviation 24 ± 3 years) participated in this study after giving informed consent, according to the national laws and to the local ethics committee guidelines.
All imaging was obtained using a head-only 3.0T scanner (Siemens Magnetom Allegra, Siemens Medical Solutions, Erlangen, Germany), equipped with a circularly polarized transmit-receive coil. 
Data Analysis
All DW images were corrected for eddy currents distortions using FSL version 4
(http://www.fmrib.ox.ac.uk/fsl) software. As a first step, FA and MD were derived after tensor calculation by means of FSL DTIFIT routine using b=1000 s/mm 2 . Besides, the three eigenvectors which define pixel-wise the principal reference frame, were obtained. Anatomical scans were then co-registered to FA maps and segmented into white matter (WM), grey matter (GM) and Cerebrospinal Fluid (CSF) using As a first step of the data analysis, our specific aim was to investigate the correlations between DTI indices and anomalous diffusion parameters, derived with both methods. In Fig.4A Since the correlation plots were calculated between the mean values of MD, FA, Mγ, γA, AE and AA, averaged across all subjects, to investigate if those correlations are significant (i.e. found also in each single subject) or if they are merely an effect of the average, we calculated the correlation coefficient for each of the ten subjects. In In order to investigate the ability in discriminating among different cerebral regions of FA compared to γA and of Mγ compared to MD, two-way ANOVA tests were performed. The F-value associated to the levels FA-γA was F(11)=70 while the F-value associated to the levels MD-Mγ was F (11) 
Discussion
In the current study, anomalous diffusion maps, Mγ and γA, obtained by considering the stretched exponential model across the three main diffusivity axes were compared with both MD and FA maps, and with the anomalous diffusion indices AE and AA, obtained using the model recently proposed by Hall and Barrick.
A first result is that the cerebral tissue is anisotropic also respect to γ. Bennett and coworkers (19) introduced the stretched exponential model as a fitting function to obtain maps of the γ exponent across one selected direction only, in analogy with DWI. The sensitivity to the chosen direction was further tested by the same group (28), showing that the stretching exponent is insensitive to the orientation of the applied magnetic field gradient. These Authors measured the stretching exponent across three orthogonal directions reporting a small anisotropy which was roughly constant in both GM and WM tissues.
Conversely, other Authors (20) reported a difference between GM, WM and CSF with respect to their anisotropy in γ measured across 12 different directions. In this regard, our work confirmed that there exists an anisotropy in the stretched exponent, on whose basis we were able to discriminate between different cerebral structures.
The high correlation we found between γA and FA confirms that in the framework of the anomalous diffusion, the definition of three main diffusivity directions may be a good strategy to obtain a quantification of anisotropy which is independent of the reference frame. Their high correlation indicates that both quantities, i.e. FA and γA refer to intrinsic geometrical properties of brain tissues, which are independent of the reference frame in which the gradient directions are expressed. Moreover, post-hoc ttests highlighted that the highest anisotropic structures, i.e. the genu and the splenium of the corpus callosum, are better discriminated by γA than by FA.
Conversely, the anisotropy index obtained by considering each direction as characterized by a single stretched exponential decay, i.e. AA, revealed a poor correlation with FA, which fluctuates between positive and negative values at single-subject level. The low correlation found between AA and FA, i.e. 11 between two measures which are supposed to be dependent on the geometry, confirm that Hall and Barrick's method suffers from the dependence from the reference frame in which the measurement is performed. Nevertheless, if the number of chosen directions is enough to sample the space uniformly, then these effects are likely to be smoothed. To reduce the experimental time, we acquired data using gradients applied along 6 directions only, which is the minimal number required to perform DTI calculation.
Conversely, in the work published by Hall and Barrick, 12 different directions were chosen. Even though these Authors did not show any correlation plot, the contrast-to-noise ratio of the obtained maps seems to be higher as compared to our results, thus confirming the relevance of the number of directions.
Nevertheless, the current study underlines the limitation of Hall and Barrick's approach and highlights the importance of employing an intrinsic method to quantify anomalous diffusion indices.
On the other hand, one of the main limitations of our method is its approximation in considering the principal directions of diffusion as the same obtained using the DTI model. This may have enhanced the resulting correlations that we found between FA and γA. However, this approximation is reasonable. In fact, since the magnitude of γ is always slightly lower than 1 (ranging from 0.7 to 1, where for γ=1 the Stejskal-Tanner mono-exponential decay holds), we expect only a small difference in the spatial orientation of the two reference frames. Moreover, we expect this approximation to hold if the main diffusive axes are independent of the b-value. DTI reconstruction is in fact performed at a relatively low b-value of 1000 s/mm 2 while the anomalous diffusion method uses higher b-values (up to b=5000 s/mm 2 ).
This issue is crucial since exploring higher b-values means probing slower dynamics which can be in principle linked to different spatial arrangements. Nevertheless, to our knowledge, diffusion models which take into account the different diffusion pools proposed in literature consider the same principal axes for both, slower and faster diffusion subgroups (29) (30) (31) . As a consequence, we hypothesize here that when the b-value range is extended from 1000s/mm to 5000s/mm the eigenvectors of the diffusion tensor remain unchanged or change only slightly. In order to overcome this approximation, a future work is needed in which more gradient directions are selected. In this case, we would be able to evaluate, in the multidimensional fit, not only the stretching exponents and their relative amplitude factors, but also the director cosines associated with the main diffusion axes, thus avoiding to assume any a priori information about the principal reference frame orientation.
The results concerning Mγ need further studies and a future validation. The lack of a high correlation between MD and Mγ is encouraging because it suggests that the two measures provide a different structural information. That is to say, there exist regions in which the diffusion is restricted but not anomalous. The two properties indeed correspond to different physical phenomena. The restricted diffusion is due to barriers which constrain the water molecules motion inside a portion of the space which is smaller than that travelled if the environment is barrier-free, as reflected by a reduction of the MD (32). 12 Conversely, the anomalous diffusion is associated to the complexity of the path travelled by the spins, which depends on the shape and size distribution of the barriers. For example, it has been demonstrated that neurons have a fractal-like appearance (23, (33) (34) (35) . As a consequence, two situations characterized by the same average mean free path but different barriers distributions might be better discriminated by Mγ, as confirmed by comparing the post-hoc t-tests reported in Tab.2. In this regard, we found an interesting difference in Mγ values associated to two distinct areas of the corpus callosum, i.e. the genu and the splenium, which are instead overlapped in the MD axis in our study (Fig.4C ) and for which also in literature similar diffusivity values are reported (36, 37) . Since the stretching exponent is postulated to be sensitive to the presence of traps and obstacles on many different length scales, we can speculate that a broader distribution of axonal diameters would result in a lower Mγ. A number of publications underlined the presence of uneven distributions of fiber types along the corpus callosum (38) . A recent work introduced an powerful method to evaluate the axon diameter distribution by means of diffusion MRI (39) . As this method was applied in vivo to the corpus callosum of the rat brain (40) , it showed different axonal density distributions which are moreover characterized by different widths. In particular, the genu was associated to a narrower distribution compared to the splenium, i.e. in the splenium different axonal diameters coexist. We speculate that this diameters heterogeneity can explain the difference in the Mγ that we observed between the splenium and the genu of the corpus callosum, as reported in Fig.4C .
Conclusions
In the framework of the anomalous diffusion, we propose here an innovative method of considering the spatial dependence of the stretching exponent. On the basis of Hall and Barrick's results, indices analogous to the MD and FA were derived, i.e. Mγ and γA. To characterize these parameters, the correlation with DTI matrixes was explored and their specificity in discriminating between different cerebral structures was tested on ten healthy subjects. The high correlation between γA and FA demonstrates that our approach does not suffer from the dependence on the reference frame. Besides, Mγ proves to be able to reveal a different information when compared to MD, due to its capability of discriminating between specific cerebral regions which are not distinguishable on MD basis. For these reasons, our method is eligible for the characterization of the brain tissue. Besides, we believe that our analysis may provide a different contrast also when applied to the characterization of microstructural alterations, compared to DTI. For this reason, the next step will be to select specific neurological diseases for an in vivo application. 
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